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Belavin Elliptic i?-Matrices and Exchange 

Algebras 


A. V. Odesskii* 


Abstract 


We study Zamolodchikov algebras whose commutation relations 
are described by Belavin matrices defining a solution of the Yang- 
Baxter equation (Belavin i?-matrices). Homomorphisms of Zamolod¬ 
chikov algebras into dynamical algebras with exchange relations and 
also of algebras with exchange relations into Zamolodchikov algebras 
are constructed. It turns out that the structure of these algebras with 
exchange relations depends substantially on the primitive nth root of 
unity entering the definition of Belavin i2-matrices. 

Introduction 

In this paper, we study Zamolodchikov algebras for Belavin elliptic R- 
matrices. This is a family Zn^kiXi v) of associative algebras, where T C C 
is the integer lattice generated by the elements 1 and r, Imr > 0, r; G C, 
and n and k are coprime positive integers such that 1 < k < n. The algebra 
Zn,kiX-iV) is determined by the generators [xi{u)-, i G ZjjnL^ n G C} and the 
relations 


6'i(0)...A-i(0)6'o(v-M + ?7)...6'„_i(n-n + r7) 

a ( \ a ( \a I \ a ( ^ Xa\U)xp[v) 

6o{t]) . . . 9n-l{T])0o{v -U)... 9n-l{v - U) 

Q ^ /, . . _ <11 _L 
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Here Oa{u) G 0„iizii(r) is a theta function of order n (see Sec. 1.1). These 
formulas are distinct from the Belavin formulas [2], but it can readily be 
verihed that the corresponding Zamolodchikov algebras are isomorphic. In 
the Belavin notation, the role of k is played by a primitive nth root of unity. 

As is known, in studying integrable models related to elliptic /^-matrices, 
there appear some additional difficulties (in comparison with the trigonomet¬ 
ric and rational cases). The same difficulties are encountered in studying the 
representations of the algebra Zn,k{^,v) or of the corresponding algebra of 
L-operators. 

The fact is that these algebras have no analog of Cartan subalgebras, and 
therefore it is unclear how to construct an analog of highest weight modules 
since there is no notion of weight at all. 

A method for overcoming these difficulties was found by Baxter [1] in 
studying XYZ-models (the case n = 2, k = 1). In the language of [1], this 
is the reduction of the XY Z-model to the 5'05'-model (the so-called vertex- 
face correspondence). In the algebraic language, this is the construction 
of homomorphisms from the algebra Zn,k{^,v) some other algebras for 
which highest weight modules already exist. For k = 1, these are Zamolod¬ 
chikov algebras for dynamical elliptic /^-matrices (see [4]). For the other 
values of k, these algebras have a more complicated structure, and no re¬ 
lated models are probably known. Let us hrst describe these algebras for 
the case k = 1. These are the algebras X{"(F,/i;A) generated by the com- 
mntative subalgebra consisting of meromorphic functions of the variables 
yi,... ,ym and by the generators ei{u),..., em{u), u E C. The relations have 
the form ea{u)f{yi, ...,ym) = fivi + \,... ,ya + >^ - 1^, ■ ■ ■ ,ym + >^)ea{u), 
i.e., yi,... ,yra are dynamical variables. Here A,/i G C are hxed. Moreover, 
ea{u)ef 3 {v) = ipiei 3 {v)ea{u) + (p 2 ^aiv)ep{u), where a ^ P, and (pi and (p 2 are 
meromorphic fnnctions of the variables u,v,ya, and yy (ratios of some theta 
fnnctions). If a = /?, then ea{u)ea{y) = ea{v)ea{u). For each m G N, there 
is a homomorphism xpu) h->• X]i<a<m+ u)ea{nu) from Z„^i(F,? 7 ) into 
an algebra of the above type. Here Opz) stands for a theta fnnction of order 
n (see Sec. 1.1 and also [3]). 

Note that the formulas Caiu) i—> \a{u)ea{u) dehne an antomorphism of 
the algebra X{"(F,/i;A) for any nonzero functions Ai(m), ..., Am('u)- The 
commutative subalgebra consisting of meromorphic functions of the variables 
yi,... ,ym is an analog of the Cartan snbalgebra. 

In this paper, we construct similar homomorphisms for arbitrary n and k. 
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In this case, it turns out that the structure of the algebras into which the 
algebra Zn^kiV^rj) is mapped depends on the expansion of the number | 
into a continued fraction. Namely, let f = - _ ^ ^ , where Uq > 2 

and p is the length of the continued fraction. There is a family of algebras 
p; Ai,..., Ap), where mi ,..., mp G N and p, Ai,..., Ap G C. The 
algebra p; Ai,..., Ap) is generated by the commutative subalge¬ 

bra consisting of meromorphic functions of the variables {vaj] 1 < J < P, 1 < 
a < mj^ and by the generators 1 < m G C}. In this 

case, i/aj are dynamical variables, i.e., = {yyj + \j)eai,...,ap{u) 

ii P ^ aj, and A^ - y)ec,^^...,ap{u). The relations 

between eai,...,apiu) have the form 

Coi,...,Op ('lf)c/3i,...,/9p('^) 

-h '?/’2C/3]^,Q2,...,ap (^)®oi,/32,...,/3p (^) T . . . 

+ t/’pC/3i,...,/9p_i,Op ('?^)Coi,...,Op_i,/3p ('*^) + t/’p-|-lC/3i,...,/3p('?^)c«i,...,ap('*^)- 

Here ipi,... ,'ipp+i are some functions of the variables 
u,v,yai^i,...,yap,p,yxi,...,yyp,p- In this relation, aj 7 ^ Pj for all 
1 < J < P- If Oij = Pj for some j, then there are similar relations 
(see Sec. 3). The formulas eaj{u) h-> ha,jiu)ea,jiu) dehne an auto¬ 
morphism of the algebra p, Ai,..., Ap) for any nonzero 

functions ha,j{u). For any mi,...,mp G N, there is a homomorphism 
^n,fc(r, p) —p; Ai,..., Ap) dehned by the formula 

Xi{u) ^ Wi(Pai,l + l^lU, . . .,yap,p + l^pU)ea:,,...,ap{nu). 

l<ai<mi 

l<(yp<mp 


Here z/i,..., z/p, p, Ai,..., Ap are expressed in terms of p and ni,..., Up, where 
^ = fii - _ (see Sec. 4), and wpui,... ,Up) G 0n/fc(r) are theta 

■■■ rip 

functions of p variables (see Sec. 1.2). 

There is a dual construction in which an algebra with similar exchange 

relations is mapped into the algebra Zn,kiX,p). In this case, the structure 

of the former algebra depends on the expansion of the number into a 

continued fraction. Namely, let = n'^ - , _ 1 , where > 2 and 

2 T77 

P 

p' is the length of the continued fraction. There is a family of algebras 
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y^/(r, /i; yUi,..., /ip/), where /i, /ii,..., /ip/ G C. The generators of the algebra 
are {e(ii, iii,..., Wp/); ii, iii,..., Wp/ G C}, and its relations have the form 

e(M, Ml, ... , Mp/)e(M, Ml + /ii, . . . , Mp/ + /ip/) 

= /ie(M, Ml, ... , Mp/)e(M, Ml + /ii, . . . , Mp/ + /ip/) 

+ / 2 e(M, Ml, M 2 , . . . , Mp/)e(M, Ml + /ii, M 2 + /i 2 , . . . , Mp/ + /ip/) + . . . 

T ^ 1 ) • • • ) T h"!) • • • ) T l^p'')i 

where /i,..., /p/+i are some functions of m, mi, ..., Mp/; m, mi, ..., Mp/ (see 
Sec. 5). 

There is a homomorphism l^/(r,/i,/ii,...,/ip/) —Z„ fc(r,? 7 ) dehned by 
the formula 

e{nu, Ml,..., Upi) I—>• E a;i_o(M)iMo(Mi + 7 iM, . . . , Mp/ + 7 p/M). 

OL^%/nL 

Here /i, /ii,..., /ip/, 71 ,..., 7 p/ can be written in terms of 7 , n'^,..., Mp/ (see 
Sec. 6 ). The expressions Waiui,... ,Upi) G Qn/n-kiJ') are theta functions of 
p' variables (see Sec. 1 . 2 ). 

We now describe the content of the paper. 

In Sec. 1, we collect the main facts needed below and related to theta 
functions. In Sec. 1.1, the space of theta functions of one variable is consid¬ 
ered; we denote this space by 0n,c(r). Geometrically, these are holomorphic 
sections of a linear bundle on an elliptic curve C/T with Chern class n where 
c G C is a continuous parameter of the bundle. For more detail, see [ 6 ], 
although we use somewhat different notation. 

In Sec. 1.2, the space 0n/fc(r) of theta functions of p variables is intro¬ 
duced, where p is the length of the continued fraction f = mi- _ ^_^ , 

"2 ••• 

Ua > 2. These are sections of some special linear bundle on (C/T)^. It can 
also be shown (but we do not need this) that the space 0 n/fc(r) is isomorphic 
to the space of sections of a holomorphic indecomposable bundle on an ellip¬ 
tic curve C/T of degree n and rank k. This bundle is known to be unique to 
within a shift on the elliptic curve. 

In Sec. 2, the Belavin i?-matrix and the related Zamolodchikov algebra 
^n,fc(r, 7 ) are described. 

In Sec. 3, dynamical algebras X™^’'"’™^(r,/r; Ai,..., Ap) with exchange 
relations are constructed. 
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In Sec. 4, homomorphisms of the Zamolodchikov algebra Zn^ki^,^]) into 
the dynamical exchange algebras /r; Ai,..., \p) are constrncted. 

In Sec. 5, polyspectral exchange algebras Yp/(T, fii,..., fip/) are con¬ 
strncted. 

In Sec. 6, a homomorphism from the algebra Yp>(T, /r; p-i,..., Hpi) into the 
Zamolodchikov algebra Zn^k(^:V) is constructed. 

Here, it is found that, for a hxed u, the space of the generators [xi{u)] i G 
Z/nZ, M G C} of the algebra Zn,k{^,v) is naturally isomorphic to the space 
0n/fc(r) of theta functions and is dual to the space 0n/n_fc(r). The related 
duality between these spaces is described in Sec. 1.3. 

The main results of this paper are contained in Propositions 6 and 7. In 
Proposition 6, homomorphisms from the Zamolodchikov algebra Zn^k{^,v) 
into algebras with exchange relations and dynamical variables are con¬ 
structed. In Proposition 7, a homomorphism from a similar algebra with 
exchange relations, but without dynamical variables, into the Zamolodchikov 
algebra ^(r, rj) is constructed. These two propositions follow from identity 
(2) proved in Sec. 1.2. 

1 Theta Functions Associated 

with the Degree of an Elliptic Curve 

1.1 Theta functions of one variable 

Let P C C be the integer lattice generated by 1 and r G C, where Imr > 0. 
Let n G N and c G C. We denote by 0n,c(r) the space of entire functions of 
one variable that satisfy the relations 

/(2 + 1 ) = f(z), /(^ + t ) = 

It follows that 

f{z + a + pr) = 

for each element a + Pt G P (i.e., for a, P G Z). As is known [6], 
dim0„^c(r) = n, and every function / G 0n,c(r) has exactly n zeros mod¬ 
ulo P (counting multiplicity), whose sum is equal to c modulo P. Let 

^2 '’■), It is clear that 6{z) G 0i^o(r)- What 
has been said implies that 0(0) = 0 , and this is the only zero modulo P. 
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It can readily be verified that 0{—z) = —e Moreover, it is known 

that d(z) can be expanded as an infinite product [6], 


^(z )= nil 


^27ria7j) 


(1 


^ 27 riz\ 


a>l 


n(i 

a>l 


^2m(z+ari) 


)(1 


^2'Ki{<y.rj—z) > 


We define linear operators Ti and Ti^ acting on the space of functions of 
one variable, 

TU{z) = f(z + -), T^J{z) = + -rV 

" \ n J \ n J 

It can readily be seen that TiTi^ = e^Ti^Ti. A simple calculation shows 
that the space 0„ iini (h) is invariant under Ti and The restriction of 

’2 n n 

Ti and Ti^ to 9^ iizii(r) satisfies the additional relations = 1. Let 

n n ’ 2 n n'^ 

Gn be the group with the generators a, b, and e and the relations ab = eba, 
ae = ea, be = eb, and a” = ft” = e” = e. The group Gn is the central 
extension of the group (Z/nZ)^, namely, the element e generates the normal 
subgroup Gn = TjjnTL^ and Gn/Gn = {TLinXf. The formulas a i—> Ti and 

n 

b I—> Ti^ define an irreducible representation of the group in the space 

n 

9n^ii^{T) [ 6 ]. We select a basis [6a, a G IzInL^ of 0„ n^(r) on which the 
above operators act in the following way: T\9a = ^^^^9a and T^^9a = 

n n 

6a+i- It is clear that this can be done uniquely to within multiplication by a 
common constant. Namely, we set 


9a{z) 


a 


n 


9z + -t)9{z + -t + - 


a 


n 


n 


a 

z -I —r + 
n 


n — 

n J 


X e 


2TTi(^az+ 


a{a — n) 


It is easy to show that 9a{z) G 0„ 2 i^(r), 9a+n{z) = 9a{z), and 

Z + -] =e^-^^ea{z), 
n J 

Clearly, the functions [9a (z — ,a G Z/nZ} form a basis 

in 0„,c(r). 
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We shall need the identity 


9{nz) 


n6o{z)... 9n-i{z)e 


( 1 ) 


Proof of the identity. It can readily be verihed that both sides of the 
identity belong to the space 0^2 n(n-i) ^(r), and each of them has zeros 

modulo r at the points + f'r;Q:,/5 G Z}. Consequently, they differ by a 
constant factor. The constant can readily be calculated by dividing the two 
sides of the identity by 9{z) and hnding the limit as 0. □ 

Remark. The modular parameter r is assumed to be hxed throughout the pa¬ 
per. It will always be clear from the context what is the value of n for 9a{z). 
When necessary, we shall use the notation 92.{z) if the formula under consid¬ 
eration involves several types of theta functions. 


1.2 Theta functions of several variables 


Let n and k be coprime positive integers such that 1 < k < n. We expand 
^ into a continued fraction of the following form: f = - - , 

where all Ua are greater than or equal to 2 . It is clear that such an expansion 
exists and is unique. Denote by d{mi ,..., niq) the determinant of the q x q 
matrix {niaq), where rriaa = ^a,a+i = ^a+i,a = — 1 , and nia^q = 0 for 
\a — P\ > 1. We set d{0) = 1 for g = 0. It follows from the elementary 
theory of continued fractions that n = d{ni ,..., Up) and k = d{n 2 , ■ ■ ■, Up). 

We again consider the integer lattice T C C generated by 1 and r, where 
Imr > 0 . 

Let 0n/A:(r) be the space of entire functions / of p variables such that 

f{zi, ...,Za + l,...,Zp) = f{zi, ...,Zp), 

f{z,, ...,Z^ + T,...,Zp) = ...,Zp). 


Here 1 < a < p, zq = Zp+i = 0, and is the Kronecker delta. Thus, 
the functions / G 0 n/fc(r) are periodic with period 1 and quasiperiodic 
with period r in each of the variables. The periodicity implies that each 
of the functions in 0n/fc(r) can be expanded into a Fourier series of the 
form f{zi,...,Zp) = The quasiperiodic¬ 

ity gives a linear system of equations for the coefficients. 


a, 




= (-ir 


,g27ri(a^+(5i,Q;-l)T^ 
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It can readily be seen that this system has n = d{ni,... ,np) linearly 
independent solutions each dehning a function in Qn/kiX) (for Imr > 0 , 
ni,...,np> 2 ). 

For k = 1, we have the space 0n(r) = 0n,o(r) of functions of one variable 
in Sec. 1.1 with the basis [wa{z) = 9a {z + , a G 'LjnL^. A similar 

basis can be constructed in the space 0n/fc(r) for an arbitrary k. We dehne 
operators T\_ and Ti^ in the space of functions of p variables as follows: 

n n 

Tif{zi, ...,Zp) = f{zi +ri,...,Zp + rp), 

n 

Ti^fizi, ...,Zp) = + riT, ...,Zp + Tpr). 

n 

Here Tq, = and 99 G C is a constant. 

Clearly, TiTi^ = e^^'^^Ti^Ti. As in the case of theta functions of one 

n n n n 

variable, the space 0 n/fc(r) is invariant under the operators Ti and Ti^, and 

n n 

the restriction of these operators to 0 n/fc(r) satishes the relations T£ = 1 

n 

and T£ = p, where /i G C. We choose a (p such that /i = 1. This can 

n 

obviously be done to within multiplication of by an nth root of unity. 

n 

Proposition 1. There is a basis [wa{zi,..., Zp); a G 'LjriL^ in 0n/fc(r) 
sueh that 

TlWa = Tl^Wa = Wa+l- 

n n 

It is defined uniquely to within a constant factor. 

Proof. Let / G Qn/k(X) be an eigenvector of Ti with eigenvalue A. Since 

' n 

T£ = 1 on 0„/fc(r), we have A"^ = 1. Moreover, TiTi^f = = 

n n n n n 

e^’^^nATi^/; hence, Ti^/ is again an eigenvector with the eigenvalue 

n n 

o • k 

Since n and k are coprime, the factor is a primitive nth root of unity. 
Hence, {TfJ; a = 0,1,..., n — 1 } are eigenvectors of Ti with distinct eigen- 
values, and any of the nth roots of unity is an eigenvalue of some T" /. Let 

n 

wq satisfy the condition TiWq = wq. We set Wa = Tf wq. It is clear that 

o • k 

TiWa = and Ti^Wa = Wa+i. We also have Wa+n = uia since 

n n 

= 1 on 0„/fc(r). □ 

n 

Note that, as in the case of a theta function of one variable, the 
group Gn acts irreducibly on the space 0 n/fc(r): a h-> Ti, b h-> Ti.^, 

k n n 

e H-> (multiplication by 



Remark. Let L be the group of linear automorphisms acting on the space of 
functions of p variables by the formula 

afiz,, ..., 2 p) = ..., 


for g & L. Obviously, L is a {2p + l)-dimensional Lie group. Let L' C L be 
the subgroup of transformations preserving the space ©^/^(r), i.e., L' = \^g E 
L; g^Qn/kiT)) = 0n/fc(r)}, and let L” C L' consist of the elements leaving 
0„/fc(r) hxed, i.e., L" = {g E L'; gf =J for all / e 0n/fc(r)}. It can be 
shown that the quotient group V jL” = Gn is generated by the elements Ti 

i-r-i ^ 

and Ti^ and by the multiplications by constants. 

n 

We shall use the notation ..., 2 :^) if it is unclear from the context 

what theta functions are meant. 

We shall need an identity relating the theta functions in 
0 i,o(r),0„ n^(r), and 0n/fc(r), 


Oiiji — Zi-E nv — nu) 

6{nv — nu)9{yi — Zi) 

X Wa{yi + miw,..., I/p + mpu)wy{zi + miv + li,...,Zp + nip, v + Ip) 

_l_ (^{zt — yt + yt+i — Zt+i) 

“ yt)Giyt+i - zt+i) 


X Wa{zi + miU, ...,Zt + mtU, yt+i + rrit+iu, ...,yp + rripu) 

X wis{yi + niiv + /i, ...,//* + rritv + k, Zt+i + mt+iv + h+i, ...,Zp + nipV + Ip) 
, 9{zp-yp + np) 

+ 717-7717—7^a(0 + miUi, ...,Zp + nipU) 

9{zp - yp)9{np) 

X wy{yi + miV + /i,..., I/p + rripV + Ip) 


= L (i 


...9 


n 


n 


X 


9f3-a+r{k-l){v — U p) 

rEL/uL ^Tk{r])9fi-,^-T{y - U) 


W(i-r{y\ + nixv, ...,yp + rripv) 


X Wa+r{zi + miU + li,..., Zp + nipU + Ip). (2) 

Here nia = d{na+i ,..., np)p and la = d{ni ,..., na-i)p. 


Proof. Denote by (pa,yiVj u,v,yi,... ,yp, Zi,..., Zp) the difference between the 
right- and left- hand sides in (2). A calculation shows that it satishes the 
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following relations: 

, I/a + 1, . . . , ^p) = • • • , 2:p), 

.. ., I/a + r,..., ;.p) = ..., 

‘^a^fiijli ■ ■ ■ , Za -\- 1, . . . , Zp) '^a.fiijli ■ ■ ■ i ^p)i 

^aAV: ...,z^ + T,...,Zp) = . . . , ;,^). 

(3) 

Here yo = |/p+i = Zq = Zp+i = 0 and Sa ,/3 is the Kronecker delta. More¬ 
over, calculations show that there are no poles on the divisors nv — nu ^ F, 
n ?7 G r, 1/1 — 2:1 G r, ..., and Vp — Zp G F, and hence the function Lpa,p 
is holomorphic everywhere on However, it is clear that the functions 

{w\{yi + miv,... ,yp + mpv)wi,{zi + miu + li ,..., Zp+rUpU + lp)] A, z/ G ZjnZ] 
form a basis in the space of holomorphic functions of |/i,..., |/p, 2 : 1 ,..., that 
satisfy conditions (3). Therefore, the function (pa,i 3 has the form 


V^a,l3{V-i ) Vl) ■ ■ ■ ) Zp) 

= + ■ ■ ^Vp + ^p'^) 

\^v&>lnL 

X Wu{zi miu + li,...,Zp + rUpU + Ip). (4) 
Here the functions 'ipxAVi'u^v) are holomorphic and satisfy the relations 

i)xAv + 1 ) = ^A,!/(??, u + i,v) = iixAv^ M, n + 1 ) = i^xAv^ 

AAv + T M, v) = M, v), 

iJxAn^ u + T,v) = U, v), 

^/jxAv^ u,v + t) = u, v). 

These relations can be verihed by a calculation, namely, the multipliers 
under the shifts by 1 and r in formulas (3) and (4) should be compared. 

However, every holomorphic function of the variables ?/, u and v that sat- 
ishes relations (5) is equal to 0. Indeed, the periodicity implies the expansion 
into the Fourier series, 

^PxAV,U,v)= 

a,//,7eZ 

Furthermore, it follows from the quasiperiodicity that the coefficients ax^u,a,/ 3 ,'y 
are equal to 0 . □ 
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1.3 Duality between the spaces /A:(r) and 

Let us construct the canonical element An,k G 0n/fc(r) ® 0n/n-fe(r) realizing 
the duality between these spaces (see (6)). 

Proposition 2. Let 

n 1 n , 1 

k no — ... —- n — k nU — ... -1- 

^ np 2 n^, 

be expansions into continued fractions, where Ua > 2 and n'^ > 2 for 1 < 
a < p and 1 < f3 < p'. Here p and p' are the lengths of the continued 
fractions. In this case, p' = ni + ... + Up — 2p + 1 and n( + ... + n^, = 
2(ni + ... + Up) — 3p + 1. Moreover, n( +... + n(j, = 2a + {3 for ni + .-. + ng — 
2/3 + l<Q;<ni + ...+ — 2(3 — 2. In other words, the Young diagrams 

for the partitions (ni — 1, ni + n 2 — 3,..., ni + ... + no, — 2 q; + 1,...) and 
— 1, n'^ + n 2 — 3,..., n'^ + ■ ■ ■ + n(j — 2/3 + 1,...) are mutually dual. 

Remark. We have p' = n — 1 and n'l = ... = = 2 for /c = 1, p = 1, 

and ni = n. For p > 1, if n2 ,..., n^-i > 3, then the sequence {n (,..., n'p) 
has the form (20i-2), 3, 2^2-3)^ 3,..., 3, 20 j>-i- 3), 3, 20^-2)). Here 2^, t > 0, 
denotes the sequence consisting of t twos. This formula is also true without 
the condition n 2 ,... ,np > 3 under the following convention; the sequence 
(mi, 20^^7712) has unit length and is equal to (mi + m2 — 2). This rule is 
consecutively applied to all na = 2 for 2 < a < p — 1. 


Proof. The proof is carried out by induction on min(p,p'). For p = 1, we 
must prove that = 2 — ^_i is a continued fraction of length n — 1. 

For example, let ni > 2 for p, p' > 1. We have ^ ^ = 772 — _j_ ■ By 

assumption. 


k 


k - d{ns, ...,np) 


= n„,_i - 1 - 


<i-T 


ni + 1 


where the sequence (77 ^,..., n'p^^_ 2 ) is (2^1 “^l). We can further see that 77( — 
1 = by using the relations d{ni ,..., Up) = 77 , d{n 2 ,..., Up) = k, 


d{ni, ...,np) 


= ni 


d(772, . . . ,77p) 772 -...- 

and d{ni ,..., Up) = nid{n 2 ,..., Up) — din ^,..., Up). 


j_ ’ 

rip 


□ 
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Proposition 3. Let the function ..., Zp^ , z'^,) ofp+p' variables 

Zi,..., Zp, z[,..., Zp, be defined by the formula 

^n,k{zi, ■ ■ ■ , Zp, Zi, , Zpi) 

= z[)e{zp +z'p,) ■ JJ 0(4 - 4+1 + ^„/+...+„^_ 2 a+i) 

1<Q:<P^ —1 

X JJ 9{zy - Zy+i + 

^ni+...+n^—2/3+1) * 

1</9<P-1 

This function satisfies the following relations: 

^n,k(.Zl , . . . , Za -|- 1, . . . , Zpf) ^fi,k(.Zl , . . . , Zj^ “|“ 1 , . . . , Zp/'^ ^n,k i,Zi , . . . , Zp/fi 

^n,k(.Zl, ■ ■ ■ t Zqi Tt ■ ■ ■ t Zp/') 

= ^_^'jna^-2Tri{naZa-Za-l-Za + l-{Sa,l-i)T) ^ ^ ^ 


A+fc(^i,...,4 + r, ...,4) 




where zq = Zp+i = Zq = 4'+i ~ ^ is the Kronecker delta. 

The proof follows directly from the above description of the duality be¬ 
tween the sequences (ni,..., Up) and {n[,..., n'p,). 

Proposition 4. 


A}^^/i;(^l, • • • 5 Zp., 2^1, 


) Zpi) Cn^k ^ ^ 

OL&ijnlj 


where Cn,k G C zs some constant. 


<'''■'(^1. ■ ■ ■. '‘(A. • • •. v)> 

( 6 ) 


Proof. It follows from Proposition 3 that the function of the variables 
zi,... ,Zp dehned by An,k belongs to the space 0ji/fc(r). Similarly, the func¬ 
tion of the variables z[,... ^z'^, dehned by A„ ^ belongs to 0„/„_fc(r). There¬ 
fore, 


An,k{^Zi, . . . , Zp, Zj^, ... , Z /) 


Aa,pw2^^(Zi,...,Zp)wf"' ''( 4 ,..., 4 )- 

OL^^&ijnL 
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However, one can readily see that 


^n,k{^i + ri,...,Zp + Tp] z[ +r[,..., Zp, + r'p,) = An,k{zi, • • •, Zp,), 

where Tq, = ^ fQjjQ^g _ q fQj, 

a + p ^ 1 mod n (since Wa{zi + ri,..., 2:^ + r^) = e^'^'^^Wa{zi^..., Zp) and 
wo{z[ + r[,..., Zp, + r'p,) = e‘^'^^nWf3{z[, ...,Zp,)). Hence, \a,f3 = \a 5 a+f 3 ,i- 

Similarly, 


An,k{zi + riT, ...,Zp + TpT] z'^ + r(r,..., 2;^, + r'p,T) 


1 ^p') 


This implies that Aq, = A^+i, i-e., A^ does not depend on a. 


□ 


2 Belavin i?-Matrix 

2.1 Main definitions 

Let V be an n-dimensional linear space, let R(u, v) be a meromorphic func¬ 
tion of complex variables u and v with range in the set of linear operators 
in V V such that R{u,v) satishes the condition R{u,v)R{v,u) = 1, and 
let R'^p{u,v) be the matrix elements of the function R{u,v) with respect to 
some basis in V. 

We denote by the associative algebra with the generators [xa{u); a = 
1,..., n; M G C} and the dehning relations 

Xa{u)xp{v) = Rl^ju, v)xs{v)x^{u). 

7,5 

Definition. An operator-valued function R{u, v) is called an R-matrix if, for 
any u, v and w in general position, the elements [xa{u)xf 3 {v)x^{w); a, (3,'y = 
of the algebra Aji are linearly independent. In this case, A/j is 
called the Zamolodchikov algebra for the /^-matrix R{u,v). 

As is known, for this condition to hold it is necessary and sufficient that 
R{u, v) satisfy the Yang-Baxter equation, which can be written as 

v)R^^^{u, w)R^f {v, w) = Y w)R^^p{u, w)R\1{u, v). (7) 
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in terms of matrix elements. Note that this equation is preserved if R{u, v) 
is multiplied by an arbitrary function ip{u,v). 

Krichever [7] classihed the solutions of Eq. (7) for n = 2. No classihcation 
is known for greater values of n. 


2.2 Belavin i?-matrix 


Belavin [2] constructed a family of i?-matrices. In the above notation, the 
related Zamolodchikov algebras are written as follows. As above, let n and 
k be coprime positive integers such that 1 <k < n. Let L C C be the lattice 
generated by 1 and r, Imr > 0, and let ?7 G C. 

We dehne the algebra Zn,kiX, rj) by the generators [xa{u); a G Z/nZ, u G 
C} and by the relations 


6^1 (0)... 6>^_i(0)6>o(t; -u + r])... 9n-i{v -u + r]) 

9o{r]) ■ ■ ■ 0n-i{r])0o{v - u)... 9n-i{v - u) 


Xa{u)xp{v) 


E 

r€Z/nZ 


^/ 3 —a+r(/c— 1 ) ^ “ 1 “ 

a—'r(^ 


Xp-r{v)Xa+r{u). (8) 


Here [9a{u)] a G 'LlnL^ is a basis in the space 0^ »-i (L). 
Proposition 5. Zn,kiX,rj) is a Zamolodchikov algebra. 


Proof. It is easy to verify the corresponding Yang-Baxter equation (7) di¬ 
rectly. We substitute 




^l3—a+{g—'^){k—l)ip U-\- 

9k(i3-^){ri)9i3_s{v - u) 


into (7) and compare the poles on the left- and right-hand sides. Let 
ip{u,v,w,ri) be the difference between the left- and right-hand sides. It 
can readily be shown that (p{u,v,w,r]) is holomorphic in u and satishes 
the conditions ip{u + l,v,w,ri) = ip{u,v,w,ri) and (p{u + T,v,w,ri) = 
and this implies that 99 = 0 . □ 


Remark. Suppose that ni] G L, i.e., h = „ n^’ where /i, z/ G Z. Then 

relations ( 8 ) become 

Xa{u)Xf3{v) = e^^^~°'^'"'''^^Xi3+k'u{v)Xa-k'u{u). 

where k' = (i(ni,..., np_i), and it one can check that 1 < k' < n and 
kk' = 1 mod n. 
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3 Dynamical Algebras with Exchange 
Relations 

Let p eN, let /i, Ai,..., Ap G C, and let mi,, rrip G N. We define an asso¬ 
ciative algebra /r; Ai,..., Ap) in the following way: it is generated 

by the commntative snbalgebra consisting of all meromorphic fnnctions of the 
variables {paj', !<«< Oi,j G N} and by the generators 

{eai,...,ap{u); ai,... ,ap E N, 1 < aj < rrij, u E C}. The dehning relations 
are 

eau...,apiu)yp,j = ivyj + Xj)ea,,...,apiu), where {3 ^ 

— {PajJ + Aj /^)Cqi (m) . 

This means that y^j are dynamical variables. The remaining relations are 
qnadratic with respect to eQ,j,..,,ap('u). We hrst write the relations in “general 
position.” Snppose that ai ^ (3i, ..., ap ^ (3p. Then 


9{v — u + y) 
6{v — u) 


-ai,...,ap 


[u)ex...,yp{v) 


9{y)e{v-u + ya,,i-yf3,,i) , . , . 

Ql \n( \ ^ai,...,ap{'V)(ipi f3p{u) 

9{v -u)9{ya,,i-y0,,i) 

^ ~ yfSt,t + yat+i,t+i — yyt+i,t+i) 

i<t<p ~ yi3t,t)(^{yat+i,t+i ~ yyt+i,t+i) 

Pp (^) 

9{yap,p — ypp,p + h) / 


9{yap,p ypp,p) 


^Pl,...,Pp{v)Gai,...,ap{u). 


The relations in nongeneral position appear if a,y = (3y for some a^ and 
Pu. Let Oil 7 ^ /5i, ..., ay-i ^ Pu-i, and ay = /3y, 1 < < p- Then 
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^oi,a2,-"i“p (^)i/32,-",/3p (^) ^cti,Q2,---,Qp (^)®cii,/92,-"i/9p (^) ^ ^ Slid 


9{v — U + fi) 

6{v — u) 

6'(/i)6'(i;-M + i/„i,i 




e{v - U)e{ya^^l -|//3i,l 

— ypt,t + yat+i,t+i — yf3t+i,t+i) 

9{ya^_^,u-i ~ yf3^-i,i/-i + A'') / N / N 

1 y 13^-1,u-l) 


for z/ > 1. Here the subscripts in eQ,j^...^ap('i')e/ 3 i,...,/ 3 p(M) on the right-hand side 
with indices from 1 to (z^ — 1 ) are permuted, whereas the others remain hxed. 

Finally, let = Pu, «a = P\, and 7 ^ /d* for z/ < i < A. Here 1 < u < p 
and u < \ < p + 1 (the case A = p -|- 1 means that o;* 7 ^ Pi for all i > v). 
Therefore, the relations 




yPt,t l/ot+i.t+l 


E 


!^-l-l<t<A-l 


6{yat,t - yi3t,t)^{y, 


ot+l,t+l 


IZ/^t+iiZ+i) 
y^t+i ,z-i-i) 


- I//3a-i,A-1 + A^) 


hold. Here the subscripts with indices from (z/ -|- 1) to (A — 1) are permuted, 
whereas the others remain hxed. 

Remark. Let p = 1. Then X{"(r,p;A) is the Zamolodchikov algebra for a 
dynamical i?-matrix [5]. This means that X{"(r, p; A) is a plane deformation 
of the ring of polynomials in inhnitely many variables |eQ,(u); 1 < a < m, 
M G C} over the held of meromorphic functions of the variables pi^i,..., Pm,i- 
Under the deformation, this held of functions becomes a held of quasicon¬ 
stants (see (9)). 

The structure of the algebra p; Ai,..., \p) for p > 1 is more 

complicated. Namely, for p = Ai = ... = Ap = 0, this is a commutative 
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algebra over the field of meromorphic functions of the variables 1 < 

« < 1 < t < p}, with the generators {eai,...,ap{u); I < at < rnt,u G C} 

and the relations 

for tti 7 ^ /3i, ..., a„-i ^ I3u-i, and 

for a^ = Pu, a\ = P\ and at Pi, u < i < X. 

One can see that these relations admit a uniformization: eai,...,ap{u) = 
eii(w)e^i,a 2 • • •eSp_i,ap, where are independent variables. 

The algebra /r; Ai,..., Ap) is a plane deformation of this com- 

mntative algebra. 


4 Homomorphisms of the Algebras Zn,k('^,ri) 
into Dynamical Algebras with Exchange 
Relations 

Proposition 6. For an arbitrary sequence mi,... ,mp G N, there is a ho¬ 
momorphism 

$: Z„,fc(r,77)^X7^'-’”^-(r,/i;Ai,...,Ap), 
which is defined on the generators by the formula 

^{Xo,{u)) = ^ WaiVaul + • • • , yap,p + l^pU)eat,...,ap{nu). ( 10 ) 

l<ai <mi 

l<ap<mp 

Here we use the notation Wa{yi, ■ ■ ■ ,yp) G Qn/kifi), = d{nj+i,... ,np)ri, 
pi = d{ni,... ,np)ri = nr], Xj = d{ni,... .nj^prj for 1 < j < p, and ^ = 
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Remark. Formula (10) shows that, for a hxed u G C, the space of the gener¬ 
ators of the algebra is naturally isomorphic to the space Qn/kiX)- 

Here any basis element Xa{u) corresponds to Wa{yi, ■ ■ ■ ,yp) G 0„/fc(r). 

Proof of Proposition 6 . We must show that the image of relations ( 8 ) under 
the homomorphism $ holds in the algebra p; Ai,..., Ap). Ap¬ 

plying $ to the difference between the left- and right-hand sides in ( 8 ) and 
using the relations in the algebra p; Ai,..., Ap), we obtain an 

expression of the form 

^ ^ • • • ) yap,pi ypijh ■ ■ ■ 1 

l<ap,f3p<mp 

We must prove that 'ipai,...,Pp{yai,ii ■ ■ ■ iyi 3 p,p) = 0 for all Q;i,...,Q;p and 
Pi,... ,Pp. Let us verify this formula for ai 7 ^ Pi, ..., ap 7 ^ Pp. The re¬ 
lated calculation shows that 


'Pai,...,l3p{yai,li ■ ■ ■ 1 y/3p,p) 

_ 6i{0)... 6n-iiO)6o{v -u + rj)... 6n-iiv -u + rj) 6{nv - nu + nrj) 
9o{r ])... 9n-i{r])9o{v - u)... 9n-i{v - u) 9{nv - nu) 

X (^a{yai,i + i^iu,..., yap,p + npU)Wfs{yf3^,l + Uiv + \i,..., yp^^p + UpV + Ap) 


i<t<p 


^ 9{nr])9{nv - nu + y^^^^i - y/s^^i) 

9{nv - nu)9{yc,^^i - yfs,,i) 

9{nrf)9{yp_,.^t ~ yat,t + yat+i,t+i ~ ypt+i,t+i) 
^{yf3t,t yat,t)9{yat+i,t+l yfSt+l,t+l) 


X Ula{yfSi,l + l^lU, ■ ■ ■ , yiSt,t T yat+i,t+l T • • • , yap,p T ^pU) 

X'?r’^(|/ai,i+^i'y+Ai,..., yat,t^^tV+\, , y(Sp,p-\-VpV+\p) 

^ ^hjyp,P - yap,p + ny) 

^iyi3p,p yap,p) 

X w^{yfs^^i + Uiu,..., y/s^^p + r'pM)w^(|/ai,i + uiv + \i,..., y^^^p + VpV -h Ap)^ 

9 p-a+r(k-l){v — U + rf) 

- 2_^ ^ - - - —W0-r[ya^,l + ViV,...,y^^^p + VpV) 


r^'LjnL 




X Wa+r{ypul + l^lU + \i,..., yi3p,p + VpU + Ap). 
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We replace 9q{v — u + p)... 6*„_i(t; — u + rj), 9q{ 7]) ... 9n_i{7]), and 
9o{v — u)... 9n-i{v — u) in this expression by using identity (1), after which 
the relation = 0 readily follows from identity (2). 

The case in which the relation aj = jSj holds for some aj and Pj can be 
treated similarly. □ 

5 Polyspectral Algebras with Exchange Re¬ 
lations 


Let p' G N and p, pi,..., Pp/ G C. Let Yp>(T, p; pi,..., pp/) be the associative 
algebra with the generators [e{u,ui,... ,Up>)] u,ui,... ,Up' G C} and the 
dehning relations 


9{v — u + fi) 

9{v — /i) 

9{jji)9{v — u + ui — vi) 


e{u, Ml,, Up>)e{v, Ml + pi,..., Mp/ + /ip/) 

e{v, Ml, ... , Mp/)e(M, Ml + /ii, . . . , Mp/ + /ip/) 


9{v — u)9{ui — Ml) 

9{iJ,)9{vt -ut + ut+i - vt+i) 
, 9{Vt - Mi)6'(Mt+i - Mt+i) 




e(M, Ml, . . . , Mj, Mi_|_i, . . . , Mp/) 


l<t<p' 


X e{u, Ml + /ii, . . . , Ml + flfi Vt +1 + . . . , Mp/ + /ip/) 

6'(Mp/ - Mp/ + /i) 


9{Vpi Mp/) 


-e(M, Ml, ... , Mp/)e(M, Ml + /ii, . . . , Mp/ + /ip/). (11) 


Remark. For /i = /ii = ... = /ip/ = 0, the algebra l^/(r, 0,..., 0) is the ring of 
polynomials in inhnitely many variables {e(M, mi, ..., Mp/); m, ..., Mp/ G C}. 
It can be shown that l^/(r,/i;/ii,...,/ip/) is a plane deformation of 
y),/(r, 0,..., 0). This means that l^/(r, /i; /ii,..., /ip/) is the Zamolodchikov 
algebra for an matrix in the space of functions of the variables Mi, ..., Mp/, 
i.e., M is the spectral parameter for e{u, mi, ..., Mp/), and mi, ..., Mp/ index the 
basis (that is, mi, ... ,Mp/ are an analog of i for Xi{u) in a hnite-dimensional 
/^-matrix). The corresponding Yang-Baxter equation can be verihed directly. 
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6 Homomorphism of a Polyspectral Algebra 
with Exchange Relations into the Algebra 

v) 

Proposition 7. There is a homomorphism 

']/ . Ypi(Y, /i, Pi, . . . , fTpi') -I v): 

which is defined on the generators by the formula 

'^{e{nu,Ui,...,Upfi) = ^ Xi_a{u)wa{ui+'yiU,...,Up^ + 'ypm). ( 12 ) 

OL&>/nL 


Here 


Tl 1 

-r = /i = mg, 

n — k Ti r, — . -^ 

^ n , 

p 

Tj = d{n[, • • •, 7 ^ = -rf(n'+i,..., n'p,)ig, 1 < j < p'. 

Remark. Formula (12) shows that, if u is hxed, then the space of generators 
for the algebra ZnkiX,^) is naturally dual to the space Qn/n-kifi) (see Sec. 
1.3). 

Proof of Proposition 7. We must prove the validity of the image of 
relations (11) in the algebra Zn^kiTjV) with respect to the ho¬ 
momorphism d'. Applying d/ to the difference between the left- 
and right-hand sides of (11) and using relations (8) in the alge¬ 
bra Zn,k{T, v), one can readily represent the resulting expression in the form 
J2y,5&i./nz'^'r,s{u,v,ui,... ,Up>,vi,... ,Vp>)xi-^{v)xi-s{u). We must prove 
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that ■ ■ ■ ,Vp/) = 0. One can readily see that 

. . .,Vp>) 

6{nv — nu + nrj) 

= -^7-7, Ws-r[Ui + 7iM, . . . , Mp/ + 7p/M) 

0[nv — nu) 


r&,lnL 


X w^+r{vi + /ii + 7iv ,... ,Vpi + lip' + 7p/n) 


9s_^_rlk+l){v - u + 7]) 


^ ^ ekr{v)95-,-r{v-u) 

_ 6 >i( 0 ) ■.. 6 >n_i( 0 ) 6 >o(t; - u + r])... On-ijv - u + r]) 

6 * 0 ( 7 ) • • • 6 *„_i( 7 ) 6 *o(v -u) ... 9n-i{v - u) 
9{nri)9{nv — nu + Ui — Vi) 

— - — - ^— w^iui + 71 - 1 ;,..., V + Iv'^) 

9[nv — nu)9[ui — vi) 

X W5{vi + /il + 7lM, . . . ,Vp' + lip' + 'Jp'U) 

^ 9{nri)9{vt - ut +ut+i - vt+i) 


i<t<p‘ 


9{vt - ut)9{ut+i - vt+i) 


X w^{vi + 7in, ...,Vt + 'ytV, Wi+i + 'Jt+iv,... ,Up' + 'jp'v) 
xws{ui + 'yiu + lii,... ,ut + iit + itu, vt+i + lit+i + It+iu, ...,Vp + iip'+ 'jp'u) 
9{vp' -Up' + nri) 


9(Vp' 17p''j 


-Wy{vi + 7in, ...,Vp' + 'fp'v) 


X ws{ui + /il + 7iii ,... ,Up' + lip' + 7p'm)^ . 


We again replace 9 o{v — m + 7)... 9 n-i{v — m + 7), 6*0(7) • ■ ■ ^n-i(7), and 
6*o(n — u)... 6*„_i(n — u) according to ( 1 ). Moreover, we make the change of 
variables Uj h-> Uj — 'jjU — 'yjV, Vj h-> Vj—'ijU — 'yjV. This results in identity ( 2 ), 
but, in this case, for the theta functions in the space 0„/„_fc(r). □ 

Remarks. 1 . The composition of the homomorphisms T and <h gives the 
homomorphism 

$ o T: Yp'{T, /i; /il,..., lip') ^ /i; Ai,..., Ap). 

In view of (6), we obtain the formula 
<h o T(e(nii, iii,..., Up') 

^ ^ ^n,n—fc (^1 T7i^) • • • ) ^p'T7p'^) 7cn,lT^ilii, • • • ) 7Q:p,pTi7i^)®ai(nii)• 

l<(yp<mp 
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2. The function d{z) can be degenerated trigonometrically and ratio¬ 
nally. In these cases, it is replaced by the expressions 1 — and respec¬ 
tively. Making these changes in the dehnitions of p; Ai,..., Ap) 

and Yp'(T, fj,; , fipi), we obtain trigonometric and rational degenerations 

of these algebras. Propositions 6 and 7 turn in this case into the construc¬ 
tions of trigonometric and rational /?-matrices if 0„/fc(r) is replaced by the 
space of polynomials in the variables ti,... ,tp of degree lower than Uj with 
respect to the variable tj (1 < t < p), where tj = in the trigonometric 
case and tj = zj in the rational case. 
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